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Exercise 1. For technical reasons, it is easier to write the conformal map as

_az+p
f(z)_Bz—Fa

where «, 5 € C and |a| > |B] (by dividing the numerator and denominator by ||, we return to the usual
form). Now, the equation f(e?) = e'% is equivalent to

a4+ 8= 0oy 4 e B,
which yields, after identifying the real and imaginary parts, to

(cos(f) — cos(v))Re (o) — (sin(6) + sin(p))Im (a) + (1 — cos(8 + ¢))Re (8) — sin(f + ¢)Im (5)
(sin(8) — sin(¢))Re (@) + (cos(8) + cos(p))Im () — sin(f + ¢)Re (8) + (1 + cos(8 + ¢))Im (5)

0
0.

We rewrite it in a matrix form as

(G —comtey Lo o) (R} (ot 2 A () o

Notice that both matrices are singular. Using the following sum-to-product formulae

sin(f) + sin(p) = 2sin (9:;90) oS (9?0)

cos(6) + cos(ip) = 2 cos (@”) cos (9;90>

cos() — cos(p) = —2sin (0;@) sin <02¢)

{ cos(2x) = 2cos?(z) — 1 = 1 — sin?(x)

sin(2zx) = 2 cos(x) sin(x)

and the identities

the system becomes

—2sin (9—12—<p> sin (9 _ @> —2sin (0 —; <p> cos (0 ; 14

N—

[\D

0
Notice that first line has a sin (42_80) in factor and that the second line has a cos (9%’), and that

those two numbers cannot be simultaneous 0. Simplifying the first equation by 2sin( ) yields the

0
%)
equation

(5 et s (52 e s (52 9 o (25 ) mis) <0
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0
and simplifying the second one by cos (?) yields

sin (9;@> Re (a) + cos (9;@) Im () — sin (9;@> Re () + cos (9’;@) Im(B8) =0, (1)

Those two equations are the same, so the system reduces to the equation (1). Now, if 0 < 6; < 0y <
03 < 2m and 0 < 1 < g < w3 < 27, it is easy to show that the matrix

sin L — ¥ Ccos L — ¥ —sin 791 t cos L e
2 2 2 2

sin b2 — 2 Ccos 0> — ¢ —sin b2 + 2 cos b2 + 42
2 2 2 2

. (03— 3 03 — 3 . (034 3 03 + 3
sin ( 5 ) cos ( 5 sin 5 cos >

has rank 3, which yields a solution «,3 (to be precise, a one-dimensional family of solutions), and
renormalising it by |a/|, it becomes unique as an element of [0, 27[xD (written (e'¥,a) with 0 < ¢ < 27).

Exercise 2. 1. One inequality is trivial since for all ¢ € C2°(D,R?) such that [l D) <1, we have

/(&;u X Oyu, pydx dy < (/D |0 u X ayydydy> [l e @y < /D|8wu X Oyy|dy dy.
D

On the other hand, for all 0 < € < 1, regularising by convolution the bounded, compactly supported
function

Oz X Oy

0. 0y 201

by convolution, we find a sequence {¢n},cy € Z(D,R?) such that ol @y <1 and such that
for all f € L'(D,R?), we have

Optp X Oyp >
son)drdy — i Y dx dy.
/]]) <f P > Yy n=% Jp0,1—¢) < |az§0 X ay80|

Applying this to f = O,u A Oyu and letting € — 0, the result follows.
2. Integrating by parts, we get

1
/(&Cun X Oy, p)dx dy = ~3 /D ((tun X Oytin, Ozp) + (Oztn X Uy, Oyp)) dz dy.
D

Thanks to Rellich-Kondrachov theorem, {wu, }, y converges strongly in L? and since ¢ is smooth,
a result of the course shows that

/ ((un X Oy, Oy p) + (Optin, X U, Oyp))dudy — [ ((u X Oyu, Dyp) + (Dpun X u, 0yp)) dz dy.
D

n—o0 D

3. We have

/(&ru X Oyu, p)yde dy = lim [ (Ogun X Oyun, p)dx dy
D

n—oo D

< lim inf sup {/(awun X awunv'(/}>dx dy: ¢ € CSO(D,R‘?), HwHLOC(]D)) < 1}
D

n—oo

= lim inf A(uy,).

n—r oo
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Exercise 3. We know by a previous exercise (Série 6, Exercise 3) that the homogenous H® norm squared

is equivalent to
27 2 2
Iu u(y)|
/ / |1 39 ———————dxdy,

since since sin(x) = z + O(z3), the equivalence follows easily by taking s = 1/2.



